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Abstract 

In this paper, we prove that on every Finsler n-sphere (5", F) for n > Q with reversibility 
A and flag curvature K satisfying aTT^ < K ^ ^, either there exist infinitely many prime 
closed geodesies or there exist [^] — 2 closed geodesies possessing irrational average indices. If 
in addition the metric is bumpy, then there exist n — 3 closed geodesies possessing irrational 
average indices provided the number of closed geodesies is finite. 
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1 Introduction and main results 

This paper is devoted to a study on closed geodesies on Finsler n-spheres. Let us recall firstly the 
definition of the Finsler metrics. 

Definition 1.1. (cf. [Shel| ) Let M he a finite dimensional manifold. A function F : TM 
[0, +oo) is a Finsler metric if it satisfies 

(Fl) F is C°° onTM\{0}, 

(F2) F{x, Xy) = XF{x, y) for all y € T^M, xe M, and X> 0, 
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(F3) For every y G T^M \ {0}, the quadratic form 

1 52 

gx,y{u,v) = --^^F'^{x,y + su + tv)\t=s=o, Vn,t! e T^M, 
zs positive definite. 

In this case, (M, F) is called a Finsler manifold. F is reversible if F{x, —y) = F(x, y) holds for 
all y G TxM and x S M. F is Riemannian if F{x,yY = \G{x)y ■ y for some symmetric positive 
definite matrix function G{x) G GL[TxM) depending on x £ M smoothly. 

A closed curve in a Finsler manifold is a closed geodesic if it is locally the shortest path connect- 
ing any two nearby points on this curve (cf. jShelj ). As usual, on any Finsler n-sphere = (S"", F), 
a closed geodesic c : = R/Z is prime if it is not a multiple covering (i.e., iteration) of any 

other closed geodesies. Here the m-th iteration c"^ of c is defined by c'"(t) = c{mt). The inverse 
curve c^^ of c is defined by c~^(t) = c(l — t) for t G R. We call two prime closed geodesies c and 
d distinct if there is no G (0, 1) such that c{t) = d{t + 6) for all t G R. We shall omit the word 
distinct when we talk about more than one prime closed geodesic. On a symmetric Finsler (or Rie- 
mannian) n-sphere, two closed geodesies c and d are called geometrically distinct if c(5^) / d{S^), 
i.e., their image sets in 5" are distinct. 

For a closed geodesic c on (S", F), denote by Pc the linearized Poincare map of c (cf. p. 143 
of [Zillj ). Then G Sp(2n — 2) is a symplectic matrix. For any M G Sp(2A;), we define the 
elliptic height e(M) of M to be the total algebraic multiplicity of all eigenvalues of M on the unit 
circle U = {z G C| \z\ = 1} in the complex plane C. Since M is symplectic, e(M) is even and 
< e[M) < 2k. Then c is called hyperbolic if all the eigenvalues of Pc avoid the unit circle in 
C, i.e., e{Pc) = 0; elliptic if all the eigenvalues of Pc are on the unit circle, i.e., e{Pc) = 2(n — 1). 
Recall that a Finsler metric F is bumpy if all the closed geodesies on (5", F) are non-degenerate, 
i.e., 1 ^ cr(Pc) for any closed geodesic c. 

Following H-B. Rademacher in jRad4] . the reversibility A = A(M, F) of a compact Finsler 
manifold (M, F) is defied to be 

A := max{F(-X) | X G TM, F{X) = 1} > 1. 

We are aware of a number of results concerning closed geodesies on spheres. In |Fetl) of 1965, A. 
Fet proved that every bumpy Riemannian metric on a simply connected compact manifold carries 
at least two geometrically distinct closed geodesies. Motivated by the work [Klil| of W. Klingenberg 
in 1969, W. Ballmann, G. Thorbergsson and W. Ziller studied in [BTZlj and |BTZ2j of 1982-83 the 
existence and stability of closed geodesies on positively curved compact rank one symmetric spaces 
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under pinching conditions. In |Hinl| of 1984, N. Kingston proved that a Riemannian metric on 
a sphere all of whose closed geodesies are hyperbolic carries infinitely many geometrically distinct 
closed geodesies. By the results of J. Franks in [Fral] of 1992 and V. Bangert in |Banl| of 1993, 
there are infinitely many geometrically distinct closed geodesies for any Riemannian metric on S"^. 

It was quite surprising when A. Katok [Katlj in 1973 found some non-symmetric Finsler metrics 
on 5"" with only finitely many prime closed geodesies and all closed geodesies are non-degenerate 
and elliptic. In Katok's examples the spheres S^" and 5"^""^ have precisely 2n closed geodesies (cf. 
also (Zillj ). In |Rad5j . H.-B. Rademacher studied the existence and stability of closed geodesies 
on positively curved Finsler manifolds. In a recent paper of V. Bangert and Y. Long [BaLlj . they 
proved that on any Finsler 2-sphere {S'^,F), there exist at least two prime closed geodesies. 

The following are the main results in this paper: 

Theorem 1.2. On every Finsler n-sphere (S"", F) for n > 6 with reversibility A and flag 
curvature K satisfying (ttt) < K 1^ ^, either there exist infinitely many prime closed geodesies 



Theorem 1.3. On every bumpy Finsler n-sphere (S", F) for n > 4 with reversibility A and 
flag curvature K satisfying (aTt) < K <1, there exist n — 3 closed geodesies possessing irrational 
average indices provided the number of closed geodesies is finite. 

Remark 1.4. Note that on the standard Riemannian n-sphere of constant curvature 1, all 
geodesies are closed and their average indices are integers. Thus one can not hope that Theorems 
1.2 and 1.3 hold for all Finsler n-spheres. Note also that in [LoWlj od Y. Long and the author, 
they proved the existence of at least two prime closed geodesies possessing irrational average indices 
on every Finsler 2-sphere (S^, F) provided the number of prime closed geodesies is finite by a 
completely different method. 

The proof of these theorems is motivated by Theorem 1.3 in [LoZlj . In this paper, we use 
the Fadell-Rabinowitz index theory in a relative version to obtain the desired critical values of the 
energy functional E on the space pair (A, A''), where A is the free loop space of and A'^ is its 
subspace consisting of constant point curves. Then we use the method of index iteration theory 
of Sympletic paths developed by Y. Long and his coworkers, especially the common index jump 
theorem to obtain the desired results. 

In this paper, let N, Nq, Z, Q, R, and C denote the sets of natural integers, non-negative 
integers, integers, rational numbers, real numbers, and complex numbers respectively. We use only 
singular homology modules with Q-coefficients. For an S'^-space X, we denote by X the quotient 
space X/ S"^ . We denote by [a] = max{A; G Z | /c < a} for any a G R. 




or there exist [^] — 2 closed geodesies possessing irrational average indices. 
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2 Critical point theory for closed geodesies 

In this section, we will study critical point theory for closed geodesies. 

On a compact Finsler manifold (M, F), we choose an auxiliary Riemannian metric. This endows 
the space A = AM of H^-maps j : ^ M with a natural Riemannian Hilbert manifold structure 
on which the group = R/Z acts continuously by isometrics, cf. |Kli2j . Chapters 1 and 2. This 
action is defined by translating the parameter, i.e., 

(s.7)(t) =7(t + s) 

for all 7 E A and s,t G S^. The Finsler metric F defines an energy functional E and a length 
functional L on A by 

^(7) = U Fmfdt, L(7) = / Fm)dt. (2.1) 



2 Js^ Js^ 
Both functionals are invariant under the S'^-action. By |Merlj . the functional E is C^'^ on A and 
satisfies the Palais-Smale condition. Thus we can apply the deformation theorems in [Chalj and 
[MaWlj . The critical points of E of positive energies are precisely the closed geodesies c : ^ M 
of the Finsler structure. If c G A is a closed geodesic then c is a regular curve, i.e. c{t) ^ for all 
t £ S^, and this implies that the second differential E"{c) of E at c exists. As usual we define the 
index i(c) of c as the maximal dimension of subspaces of TcA on which E"{c) is negative definite, 
and the nullity ^{c) of c so that ^{c) + 1 is the dimension of the null space of E"{c). 
For m G N we denote the m-fold iteration map (j)'^ : A — > A by 

0™(7)(t) =7(mt) y-fGA,teS\ (2.2) 

We also use the notation 0'"(7) = 7"*. For a closed geodesic c, the average index is defined by 

i(c)= Km (2.3) 

m— >oo ffi 

If 7 G A is not constant then the multiplicity 771(7) of 7 is the order of the isotropy group 
{s G I s • 7 = 7}. If m(7) = 1 then 7 is called prime. Hence 771(7) = m ii and only if there exists 
a prime curve 7 G A such that 7 = 7™". 

In this paper for k G R we denote by 

A'^ = {de A\E{d) < k}, (2.4) 

For a closed geodesic c we set 

A(c) = {7 G A I E{j) < E{c)}. 
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If ^ C A is invariant under some subgroup F of 5^, we denote by A/T the quotient space of A with 
respect to the action of T. Using singular homology with rational coefficients we will consider the 
following critical Q-module of a closed geodesic c G A: 

C,{E,c)=H, (^{A{c)uS^ ■c)/S\A{c)/S^) . (2.5) 

Following |Rad2j . Section 6.2, we can use finite-dimensional approximations to A to apply the 
results of D. Gromoll and W. Meyer |GrMlj to a given closed geodesic c which is isolated as a 
critical orbit. Then we have 

Proposition 2.1. Let kj{c) = dimCj{E,c). Then kj{c) equal to when j < i{c) or j > 
i{c) + i^(c) and can only take values or 1 when j = i{c) or j = i{c) + i^(c). 

Next we recall the Fadell-Rabinowitz index in a relative version due to |Rad3| . Let X be an 
5^-space, A C X a closed S'^-invariant subset. Note that the cup product defines a homomorphism 

H*^ (X) H*, {X, A) ^ H*^ {X, A) : (C, ^ C U z, (2.6) 

where H^i is the 5^-equivariant cohomology with rational coefficients in the sense of A. Borel (cf. 
Chapter IV of [Borl]). We fix a characteristic class rj £ H^{CP'=^). Let /* : H*[CP°°) H*i{X) 
be the homomorphism induced by a classifying map / : Xgi CP°°. Now for 7 G H*{CP°°) and 
z £ H'^i{X, A), let 7 • z = /*(7) U z. Then the order ordr,{z) with respect to rj is defined by 

ordr^{z) = inf{fc G N U {00} | r/^ • z = 0}. (2.7) 

By Proposition 3.1 of [RadSj . there is an element z G H^t^{A, IsP) of infinite order, i.e., ordr^{z) = 
00. For K > 0, we denote by : (A'', A^) — > (A A") the natural inclusion and define the function 
4 :R-°^NU{oo}: 

d,{K) = ord^{j:{z)). (2.8) 

Denote by dz{n—) = lim^^o dz{n — e), where t\ a means t > a and t ^ a.. 
Then we have the following property due to Section 5 of |Rad3| 

Lemma 2.2. (H.-B. Rademacher) The function d^ is non- decreasing andlimx\Kdz{X) = dz{n)- 
Each discontinuous point of dz is a critical value of the energy functional E. In particular, if 
dz{n) — dz{K—) > 2, then there are infinitely many prime closed geodesies c with energy n. | 

For each z > 1, we define 

Ki = \ni{5 G R I dz{6) > i}. (2.9) 

Then we have the following. 
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Lemma 2.3. Suppose there are only finitely many prime closed geodesies on (S"^, F). Then 
each Ki is a critical value of E. If ki = Kj for some i < j, then there are infinitely many prime 
closed geodesies on (5", F). 

Proof. It follows from the S'^-equivariant deformation theorem (cf. Theorem 1.7.2 of jChalj ) 
that each Ki is a critical value of E. Now suppose Ki = Kj for some i < j- Then by (|2.9|) . we have 
dz{i^i—) < i and d^^Ki) = dz{Kj) > j > dz{Ki—) + 2. Hence we have dz{Ki) — dz{Ki—) > 2. Thus 
Lemma 2.2 implies there are infinitely many prime closed geodesies c with energy Kj. This proves 
the lemma. ■ 

Lemma 2.4. Suppose there are only finitely many prime closed geodesies on (5", F). Then 
for every z G N, there exists a closed geodesic c on (5", F) such that 

E{c)=K,, C2i+dim(z)-2iE,c)^0. (2.10) 



Proof. By ()2.8p . we have dz{e) = for any e > sufficiently small. This holds since IS a 
strong deformation retract of A'^ for e > sufficiently small (cf. Theorem 1.4.15 of |Kli2| ) . and then 
j*{z) = 0. Thus it follows from Lemma 2.3 that dz{Ki) = i. Hence it follows from Lemma 5.8 of 
|E,ad3j that 

for any e > sufficiently small. 

Since any 7 G A'^'"*''^ \ A'^'"'^ is not a fixed point of the 5^-action, its isotropy group is finite. 
Hence we can use Lemma 6.11 of [FaRlj to obtain 

Hli{K''^+\ A-^'-^) ^ H*{A''-^+ys\ A^'-yS^). (2.12) 

By the finiteness assumption of the number of prime closed geodesies, a small perturbation on the 
energy functional can be applied to reduce each critical orbit to nearby non-degenerate ones. Thus 
similar to the proofs of Lemma 2 of [GrMlj and Lemma 4 of |GrM2] , all the homological Q-modules 
of (A'^'"^'^, A*^'""^) is finitely generated. Therefore we can apply Theorem 5.5.3 and Corollary 5.5.4 
on pages 243-244 of |Spal| to obtain 

H4A'^^+ys\ A^'-ys'^) ^ H*{A^'+ys\ A'^^-ys^). (2.13) 

By Theorem 1.4.2 of |Chal| . we have 

H.iA^^+yS^ A^^-ysy= C,{E,c). (2.14) 

E{c) = Ki 
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Now our lemma follows from (j2.1ip - ()2.14p . | 
Definition 2.5. A prime closed geodesic c is {m,i)- variationally visible: if there exist some 

m,i GlSS such that i2.10\) holds for and Kj. We call c infinitely variationally visible: if there 

exist infinitely many m,i G N such that c is {m,i)- variationally visible. We denote by VooiS"' , F) 

the set of infinitely variationally visible closed geodesies. 

Theorem 2.6. Suppose there are only finitely many prime closed geodesies on (S"", F). Then 

for any c G Voo(<S'"', F), we have 

±1=2.. (2.15) 

where a = lim inf j^oo ^ I \f^^i = lini supj^g^ i / ^JIki. 

Proof. Note that we have i(c") = mi(c) by and L(c™) = mhic). Thus = for 

any m G N. Now the lemma follows from Lemmas 5.12, 6.1 and Corollary 6.3 of |Rad3j . | 



3 Index iteration theory for closed geodesies 

Let c be a closed geodesic on a Finsler n-sphere S"" = (5", F). Denote the linearized Poincare map 
of c by Pc £ Sp(2n — 2). Then is a symplectic matrix. Note that the index iteration formulae 
in |Lon3| of 2000 (cf. Chap. 8 of [Lon4] ) work for Morse indices of iterated closed geodesies (cf. 
[LLolj . Chap. 12 of |Lon4] ) . Since every closed geodesic on a sphere must be orientable. Then 
by Theorem 1.1 of [Liul] of C. Liu (cf. also [Will] ), the initial Morse index of a closed geodesic 
c on a n-dimensional Finsler sphere coincides with the index of a corresponding symplectic path 
introduced by C. Conley, E. Zehnder, and Y. Long in 1984-1990 (cf. |Lon4j ) . 

Note that the precise index iteration formulae of Y. Long (cf. Theorem 8.3.1 of |Lon4] ) is 
established upon the decomposition of the end matrix 7(r) of the symplectic path 7 : [0, r] Sp(2n) 
within J7''(7(t)) in Theorem 1.8.10 and the first part of Theorem 8.3.1 of [Lon4j . which leads to 
the 2 X 2 or 4 X 4 basic normal form decomposition of 7(t). Specially it is proved in Lemma 9.1.5 
of |Lon4] that the splitting numbers of M are constants on fi°(M), where 

J](M) = {iV G Sp(2n) I f7(iV) n U = a(M) n u, 

dime kerc(iV - A/) = dime kerc(M - A/), VA G a{M) n U}, 

where U = {z G C | |z| = 1}. ^{M^ is defined to be the path connected component of J7(M) 
which contains M. The Bott iteration formulae in [Botlj and [BTZlj are based on decomposition 
of the end matrix 7(r) of the symplectic path 7 : [0,r] — > Sp(2n) within [7(t)], the conjugate set 
of 7(r). Specially it is proved that the splitting numbers of M in [Botlj and jBTZlj are constants 
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on [M] = {P~^MP\P G Sp(2n)}. Note that [M] is a proper subset of Q°(M) in general for 
M S Sp(2n). Note also that there are only 11 basic normal forms (cf. |Lon4j ) . and they are only 
2 X 2 or 4 X 4 matrices. Thus they are simpler than usual normal forms, and then it is possible 
to use different patterns of the iteration formula Theorem 8.3.1 of |Lon4] to classify symplectic 
paths as well as closed geodesies to carry out proofs. This is a major difference between formulae 
established in |Lon3| and Bott-type formulae established in |Botlj . [BTZlj and in |Lon2j . Hence 
in this section, we recall briefly the index theory for symplectic paths. All the details can be found 
in [Lon4j . 

As usual, the symplectic group Sp(2n) is defined by 

Sp(2n) = {M G GL(2n,R) | M^JM = J}, 
whose topology is induced from that of R , where J = and In is the identity matrix 

J 

in R". For r > we are interested in paths in Sp(2n): 

rr{2n) = {7 G C([0,r], Sp(2n)) | 7(0) = hn}, 

which is equipped with the topology induced from that of Sp(2n). The following real function was 
introduced in |Lon2| : 

D^{M) = (-l)""^cJ" det(M - uhn), Vw G U, M e Sp(2n). 

Thus for any u; G U the following codimension 1 hypersurface in Sp(2n) is defined in |Lon2j : 

Sp(2n)° ={Mg Sp(2n) | D^{M) = 0}. 

For any M £ Sp(2n)2,, we define a co-orientation of Sp(2n)2, at M by the positive direction 
^Me*^'^|f=o of the path Me**"-^ with < t < 1 and e > being sufficiently small. Let 

Sp(2n): = Sp(2n)\Sp(2n)0, 

P;^(2n) = {7GP,(2n)|7(r)GSp(2n):}, 

P0^(2n) = VA2n)\V:^j2n). 



For any two continuous arcs ^ and rj : [0,r] Sp(2n) with ^(t) = ??(0), it is defined as usual: 

C(2t), if < t < r/2, 

r]{2t-T), ifr/2<t<r. 
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Ml o M2 



Given any two 2mk x 2mk matrices of square block form = I with k = 1,2, as in 

V Ck Dk / 

|Lon4j ■ the o-product of Mi and M2 is defined by the following 2(m-i + x 2(mi + 771-2) matrix 
Ml 0M2: 

fAi Bi ^ 
A2 B2 
Ci Di 
V C2 D2J 

Denote by M**^ the /c-fold o-product M o • • • o M. Note that the o-product of any two symplectic 
matrices is symplectic. For any two paths 7^ G Vri^rij) with j = and 1, let 7o07i(t) = 7o(i)^7i(0 
for all t G [0,r]. 

A special path ^„ G Priori) is defined by 

/2-i X"^" 

e„(t)= " forO<t<r. 

V (2-^)-V 

Definition 3.1. (cf. |Lon2| . |Lon4j ) For any 1^ G U and M G Sp(2n), define 



(3.1) 



iy^{M) = dime kerc(M - Lohn)- 



(3.2) 



For any r > and 7 G VrC^n), define 



(3.3) 



i^(7) = [Sp(2n)0 :7*en] 



(3.4) 



where the right hand side of is i/ie usual homotopy intersection number, and the orientation 
of * in is its positive time direction under homotopy with fixed end points. 

IfjG P°^(2n), we let ^^(7) be the set of all open neighborhoods of j in VrC^n), and define 



Then 



i^(7)= sup inf{i^(/3)|/3 G C/np;^(2n)}. 
Ue:F{-y) 



e Z X {0,1,..., 2n}, 



(3.5) 



is called the index function of ^ at lo. 

Note that when w = 1, this index theory was introduced by C. Conley-E. Zehnder in |CoZlj 
for the non-degenerate case with n > 2, Y. Long-E. Zehnder in [LZelj for the non-degenerate case 
with n = 1, and Y. Long in |Lonl| and C. Viterbo in jVitlj independently for the degenerate case. 



9 



The case for general w S U was defined by Y. Long in |Lon2j in order to study the index iteration 
theory (cf. |Lon4j for more details and references). 

For any symplectic path 7 G Vri'^n) and m G N, we define its m-th iteration 7"^ : [0, mr] — > 
Sp(2n) by 

7'"(f) = 7(t - jrhiry, for jr < t < {j + l)r, j = 0, 1, . . . , m - 1. (3.6) 

We still denote the extended path on [0, +00) by 7. 

Definition 3.2. (cf. |Lon2] . |Lon4] ) For any 7 G VrC^n), we define 

(.(7,m),i/(7,m)) = (.1(7-), 1.1(7-)), Vm G N. (3.7) 

The mean index ^(7, m) per mr for m G N is defined by 

i{-y,m)= lim '-. (3.8) 

For any M G Sp(2n) and c<j G U, the splitting numbers S^j{uj) of M at lo are defined by 

Sm(.'-^) = ^Hm «^exp(±v^e)(7) - iUl), (3-9) 

for any path 7 G Vri^n) satisfying 7(t) = M . 

For a given path 7 G Vri^n) we consider to deform it to a new path r] in VrC^n) so that 

n(7") = n(^?"), Min=Mr]n, Vm G N, (3.10) 

and that (ii(f?™), i^i (??*")) is easy enough to compute. This leads to finding homotopies 6 : [0,1] x 
[0, r] Sp(2n) starting from 7 in VrC^n) and keeping the end points of the homotopy always stay 
in a certain suitably chosen maximal subset of Sp(2n) so that (I3.10p always holds. In fact, this set 
was first discovered in |Lon2| as the path connected component Q^{M) containing M = 7(t) of the 
set 

n{M) = {N £ Sp{2n) I a(iV) n U = a(M) n U and 

ux{N) = iyx{M)yXea{M)nV}. (3.11) 

Here Q,^{M) is called the homotopy component of M in Sp(2n). 

In |Lon2| - [Lon4] . the following symplectic matrices were introduced as basic normal forms: 

D{X) = (] \], A = ±2, (3.12) 



A 
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Ni{X,b)={ , A = ±1,6 = ±1,0, (3.13) 

(cos 9 — sin 6 \ 
G (0,7r) U (7r,27r), (3.14) 
sin 6 cos 6 J 

(R{e) b \ 

N2{uj, b)= { , 9£{0,tt)U (tt, 2tt), (3.15) 

V R{e)J 

(bi b2\ 

where b = \ with bi £ H and 62 7^ ^3- 

Sphtting numbers possess the following properties: 

Lemma 3.3. (cf. |Lon2j and Lemma 9.1.5 of }Lon4| ) Splitting numbers S^^{uj) are well defined, 
i.e., they are independent of the choice of the path 7 G VrC^n) satisfying 7(t) = M appeared in 
13. 9\) . For uj £JJ and M € Sp(2n), splitting numbers S^{uj) are constant for all N £ S7°(M). 

Lemma 3.4. (cf. |Lon2| . Lemma 9.1.5 and List 9.1.12 of |Lon4] ) For M £ Sp(2n) and uj £\J, 
there hold 

S^,{u) = 0, if LO^ a{M). (3.16) 
r 1, if a > 0, 

For any Mi £ Sp(2ni) with i = and 1, there holds 

SM,oM,i^) = S^,^{u;) ± 5,\(u;), V e U. (3.18) 

We have the following 

Theorem 3.5. (cf. jLon3j and Theorem 1.8.10 of |Lon4] ) For any M £ Sp(2n), there is a path 
f : [0, 1] n^{M) such that /(O) = M and 

/(I) =Mi0...oMfc, (3.19) 

where each Mi is a basic normal form listed in Ii3.1^) - [3.15\) for 1 < i < k. 



4 Proof of the main theorems 

In this section, we give the proofs of Theorems 1.1 and 1.2 by using the techniques similar to those 
in [LHZI]. 

Proof of Theorem 1.2. We prove the theorem by showing that: If the number of prime closed 
geodesies is finite, then there exist at least [^] — 2 closed geodesies possessing irrational average 
indices. Thus in the rest of this paper, we will assume the following: 
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(F) There are only finitely many prime closed geodesies {cj}i<j<p on (S*", F). 

Denote by {Pcj}i<j<p the linearized Poincare maps of {cj}i<j<p. Suppose {Mcj}i<j<p are the 
basic normal form decompositions of {Pcj}i<j<p in {^^iPcj)}i<j<p as in Theorem 3.5. Then by 
§1.8 |Lon4j we have 

e(M,J <e(Pe,), l<j<p. (4.1) 

Since the flag curvature K of (S*", F) satisfies ( aTt) < ^ ^ 1 by assumption, then every noncon- 
stant closed geodesic must satisfy 

i{c) > n - 1, (4.2) 

by Theorem 3 and Lemma 3 of |Rad4| . 

Now it follows from Theorem 2.2 of [LoZlj (Theorem 10.2.3 of [Lon4p and (gj]) that 

i(c™+^)-i(c7)-z.(c™)>i(cj)-^^>0, l<i<p, VmGN. (4.3) 

Here the last inequality holds by (j4.2p and the fact that e{Pcj) < 2(n — 1). 

Note that we have i{cj) > n — 1 for 1 < j < p under the pinching assumption by Lemma 2 
of |Rad5j . Hence by the common index jump theorem (Theorem 4.3 of [LoZlj . Theorem 11.2.1 of 
|Lon4] ) . there exist infinitely many (A^, mi, . . . , rrip) G N^"^^ such that 

i{cp) > 2N-^^^^>2N-{n-l), (4.4) 

i{c^"'') + u{c^"'') < 2N + ^^^<2N + {n-l), (4.5) 
i(cf^-™) + Kcf^-") < 2iV-(i(c,) + 2S+^Xl)-Kc,)), VmeN. (4.6) 
^(g2m,+m^ > 2N + i{cj), VmGN, (4.7) 

moreover G Z, whenever e^'^^ G a{Pcj) and ^ G Q. In fact, the m > 1 cases in (14. 6p and 
()4.7p follow from (j4.3p . other parts follow from Theorem 4.3 of [LoZlj or Theorem 11.2.1 of |Lon4j 
directly. More precisely, by Theorem 4.1 of [LoZlj (in (11.1.10) in Theorem 11.1.1 of [Lon4j . with 

Dj = i{cj), we have 

"^■ = ([s|;)l 

where Xj = or 1 for 1 < j < p and M G N such that G Z, whenever e^^^^ G a{Mc^) and 
^ G Q for some 1 < j < p. 
By Theorem 3.5, we have 

« iVi (1, l)Of-- o 4^-° o iVi(l, -1)<>P-+ o Gj, 1 < j < 15 (4.9) 
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for some nonnegative integers Pj-, Pjfl, Pj,+, and some symplectic matrix Gj satisfying 1 ^ a{Gj). 
By (|4.9p and Lemma 3.4 we obtain 



25+^ (1) - VI (Me^ ) = p,- _ - p,- + > -p,, + > 1 - n, 1 < J < p. (4.10) 
Using and the estimates ([01) - ([^ become 



ilc-^O > 2A^-(n-l), (4.11) 



3 
2 

s- 

m 

"J 
2 

By Lemma 2.4, for every i G N, there exist some m,j G N such that 



i{cp) + u{cp) < 2N + {n-l), (4.12) 
) + ) < 2iV, VmGN. (4.13) 

i{cp^'^) > 2N + {n-l), VmGN. (4.14) 



E{cf) = K„ C2,+dim(.)-2(i?, cf) + 0, (4.15) 

and by §2, we have dim(z) = n + 1. 
Claim 1. We have the following 

m = 2mj, if 2i + dim(z) - 2 G (2iV, 2iV + n - 1), (4.16) 

In fact, we have 

Cg(S,cf) = 0, if g e (2iV, 2iV + n - 1) (4.17) 



for 1 < j < p and m ^ 2m j by (j4.13p . (I4.14P and Proposition 2.1. Thus in order to satisfy (j4.15p . 
we must have m = 2171 j. 
It is easy to see that 



*{i : 2i + dim(z) - 2 E (27V, 2N + n - 1)} 



1. (4.18) 



Claim 2. There are at least [^] — 1 closed geodesies in Voo{S^,F). 

In fact, for any N chosen in (|ill|) - (fi?71) fixed and q = 2i + dim(z) - 2 G (2iV, 2iV + n - 1), there 
exist some I < jq < p such that cj^ is (2mj^, g)-variationally visible by ()4.15p and (14.160 . Moreover, 
if qi ^ q2, then we must have jg-^ ^ jq^. This holds by (j4.15p : 

, 2mi„ , , 2m,„„ , 

^(%'^) = ^n/'^.2=^(S,;^^). 

since Kj are pairwise distinct by Lemma 2.3, where qk = 2ik + dim(z) — 2 for k = 1,2. Hence the 
map 

^ : {2N + dim{z) -2)ni2N,2N + n-l) ^ {cj}i<j<p, q ^ Cj^ (4.19) 
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is injective. We remark here that if there are more that one Cj satisfy (j4.15p . we take any one of it. 
This proves p > [^] — 1. Since we have infinitely many satisfying (j4.4l )- (l4.7p and the number of 
prime closed geodesies is finite, we must have [^] — 1 closed geodesies in Voo(<S'"', F). 

We denote these closed geodesies by {cj}i<j<[n]_i, where {cj}i<j<[n]_i C im.^ . 

Claim 3. There are at least [^] — 2 closed geodesies in Voo{S'^,F) possessing irrational average 
indices. 

We prove the claim as the following: Let Dj = i{cj) for 1 < j < p- Then by the proof of 
Theorem 4.1 of [LoZl] or Theorem 11.1.1 of |Lon4] ) . we can obtain infinitely many N in (j4.4p - (j4.7p 
satisfying the further properties: 

N 



Mi{cj) 



G N and Xj = 0, if i(cj) G Q. 



(4.20) 



Now suppose i{cj) £ Q and i(cfc) G Q hold for some distinct 1 < j,k < [^] — 1. Then by (|4.8p and 
([420]) we have 



2mji{cj) 



N 



Mi{cj] 
N ' 



Mi(c 



+ Xjj Mi{cj) 
Mi{cj) =2N = 2 



N 



N 



.Miick) 



Mi{ck) 



Mi{ck) 

On the other hand, by (j4.19p . we have 



+ Xk Mi{ck) = 2mki{ck). 



(4.21) 



^(^i) = J, ^(92) = for some qi / q2. 



(4.22) 



Thus by (l4T5l) and (f4T6]l . we have 



E{cp) 



(4.23) 



Since Cj,Cfc G Voo('S'",F), by Theorem 2.6 we have 



L{cj) L{ck)' 



Note that we have the relations 



(4.24) 



Lie"") =mL{c), iXc") = mi(c), L(c) = y2^(^, Vm G N, 



(4.25) 



for any closed geodesic c on (5"", F). 
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Hence we have 

2r 

2mji{cj) = 2a • 2mjL{cj) = 2aL{Cj 



2aJ2E{cp) = 2a J 2k, 



91 



/ 2a.^,=2apE{cl^'') 

= 2aL(Cfc'"'=) = 2a ■ 2mfcL(cfc) = 2mfci(cfc). (4.26) 

This contradict to (|4.2ip and then we must have i{cj) G R \ Q or i(cfc) G R \ Q. Hence there is 
at most one 1 < j < [§] — 1 such that i{cj) G Q, i.e., there are at least [^] — 2 closed geodesies in 
Voo('S'",-F) possessing irrational average indices. The proof of Theorem 1.2 now complete. | 

Proof of Theorem 1.3. This is just a modification of the proof of Theorem 1.2. 

Since the metric is bumpy, i.e., all the closed geodesies on (S", F) are non-degenerate, hence 
we have 1 ^ (t{Pc) for any closed geodesies c on (5", F). Thus in the decomposition ()4.9p . we have 
Pj- = pjfl = pj^j^ = for 1 < J < p. Hence we obtain 



. / 2m,- ^ 


> 


2iV - (n - 


1) 




< 


2Af + (n - 


1) 


., 2m,— , 2m,— m^ 


< 


2A^ - (n - 


1) 


2m,+ms 


> 


2A^ + (n - 


1) 



2Sl,^^ (Me^, ) = p,- _ - p,- + > 0, 1 < j < p. (4.27) 

Using ([O]) and (g^ZI), the estimates (fOll - ifO]) become 

(4.28) 
(4.29) 

\/m G N. (4.30) 
\/m G N. (4.31) 

Now the whole proof of Theorem 1.2 remains valid if we replace all the intervals (2A^, 2N + n — 1) 
there by the intervals (2N — (n — 1), 2N + n — 1). More precisely, by Lemma 2.4, for every i G N, 
there exist some m,j G N such that 

E(C-) = K„ C2,+dim(.)-2(i?, c^) + 0. (4.32) 

Claim 4. We have the following 

m = 2mj, if 2i + dim(z) - 2 G (2iV - (n - 1), 2iV + n - 1), (4.33) 

In fact, we have 

Cq{E,cf) = 0, if gG (2A^-(n-l), 2iV + n-l) (4.34) 
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for 1 < j < p and m ^ 2m j by (j4.30p . (j4.3ip and Proposition 2.1. Thus in order to satisfy (j4.33p . 
we must have m = 2m j. 
It is easy to see that 

*{i : 2i + dim(z) - 2 G (2iV - (n - 1), 27V + n - 1)} = n - 2. (4.35) 

Thus there are at least n — 3 closed geodesies in Voo{S'^, F) possessing irrational average indices by 
the same proof as Claims 2 and 3 above. The proof of Theorem 1.3 is finished. | 

References 

[Banl] V. Bangert, On the existence of closed geodesies on two-spheres. Internat. J. Math. 4 (1993), 
no. 1, 1-10. 

[BaLl] V. Bangert, Y. Long, The existence of two closed geodesies on every Finsler n-sphere. 
math.SG/0709.1243. 

[BTZl] W. Ballmann, G. Thorbergsson and W. Ziller, Closed geodesies on positively curved man- 
ifolds. Ann. of Math. 116(1982), 213-247 

[BTZ2] W. Ballmann, G. Thorbergsson and W. Ziller, Existence of closed geodesies on positively 
curved manifolds. J. Diff. Geod. 18(1983), 221-252 

[Borl] A. Borel, Seminar on Transformation Groups. Princeton Univ. Press. Princeton. 1960. 

[Botl] Bott, R., On the iteration of closed geodesies and the Sturm intersection theory. Comm. 
Pure Appl. Math. 9 (1956) 171-206. 

[Chal] K. C. Chang, Infinite Dimensional Morse Theory and Multiple Solution Problems. 
Birkhauser. Boston. 1993. 

[CoZl] C. Conley and E. Zehnder, Morse-type index theory for flows and periodic solutions for 
Hamiltonian equations. Comm. Pure. Appl. Math. 37 (1984) 207-253. 

[Fetl] A. I. Fet, A periodic problem in the calculus of variations. Dokl. Akad. Nauk. SSSR (N. S.) 
160 (1965) 287-289. Soviet Math. 6 (1965) 85-88. 

[FaRl] E. Fadell and P. Rabinowitz, Generalized eohomologieal index theories for Lie group actions 
with an application to bifurcation questions for Hamiltonian systems. Invent. Math. 45 (1978), 
no. 2, 139-174. 

16 



[Pral] J. Pranks, Geodesies on S'^ and periodie points of annulus homeomorphisms. 

[GrMl] D. GromoU and W. Meyer, On differentiable functions with isolated critical points. Topol- 
ogy. 8 (1969) 361-369. 

[GrM2] D. Gromoll and W. Meyer, Periodic geodesies on compact Riemannian manifolds J. Diff. 
Geod. 3 (1969) 493-510. 

[Hinl] N. Kingston, Equivariant Morse theory and closed geodesies. J. Diff. Geom. 19 (1984) 85- 
116. 

[Katl] A. B. Katok, Ergodic properties of degenerate integrable Hamiltonian systems. Izv. Akad. 
Nauk SSSR. 37 (1973) (Russian), Math. USSR-Izv. 7 (1973) 535-571. 

[Khl] W. Klingenberg, Closed geodesies. Ann. of Math. 89 (1969) 68-91. 

[Kli2] W. Klingenberg, Lectures on Closed Geodesies. Springer. Berlin. 1978. 

[Liul] C. Liu, The relation of the Morse index of closed geodesies with the Maslov-type index of 
symplectic paths. Acta Math. Sinica. English Series 21 (2005) 237-248. 

[LLol] C. Liu and Y. Long, Iterated index formulae for closed geodesies with applications. Science 
in China. 45 (2002) 9-28. 

[Lonl] Y. Long, Maslov-type index, degenerate critical points and asymptotically linear Hamilto- 
nian systems. Science in China. Series A. 33(1990), 1409-1419. 

[Lon2] Y. Long, Bott formula of the Maslov-type index theory. Pacific J. Math. 187 (1999), 113-149. 

[Lon3] Y. Long, Precise iteration formulae of the Maslov-type index theory and ellipticity of closed 
characteristics. Advances in Math. 154 (2000), 76-131. 

[Lon4] Y. Long, Index Theory for Symplectic Paths with Applications. Progress in Math. 207, 
Birkhauser. Basel. 2002. 

[LoWl] Y. Long and W. Wang, Stability of closed geodesies on Finsler 2-spheres. Preprint. 

[LoZl] Y. Long and C. Zhu, Closed characteristics on compact convex hypersurfaces in R^". Ann. 
of Math. 155 (2002) 317-368. 



17 



[LZel] Y. Long and E. Zehnder, Morse theory for forced oscillations of asymptotically linear Hamil- 
tonian systems. In Stoc. Proc. Phys. and Geom., S. Albeverio et al. ed. World Sci. (1990) 
528-563. 

[LyFl] L. A. Lyustcrnik and A. I. Fet, Variational problems on closed manifolds. Dokl. Akad. Nauk 
SSSR (N.S.) 81 (1951) 17-18 (in Russian). 

[MaWl] J. Mawhin and M. Willem, Critical Point Theory and Hamiltonian Systems. Springer. 
New York. 1989. 

[Merl] F. Mercuri, The critical point theory for the closed geodesic problem. Math. Z. 156 (1977), 
231-245. 

[Radl] H.-B. Rademacher, On the average indices of closed geodesies. J. Diff. Geom. 29 (1989), 
65-83. 

[Rad2] H.-B. Rademacher, Morse Theorie und geschlossene Geodatische. Bonner Math. Schriften 
Nr. 229 (1992). 

[Rad3] H.-B. Rademacher, The Fadell-Rabinowitc index and closed geodesies. J. London. Math. 
Soc. 50 (1994) 609-624. 

[Rad4] H.-B. Rademacher, A Sphere Theorem for non-reversible Finsler metrics. Math. Annalen. 
328 (2004) 373-387. 

[Rad5] H.-B. Rademacher, Existence of closed geodesies on positively curved Finsler manifolds. 
Ergodic Theory Dynam. Systems. 27 (2007), no. 3, 957-969. 

[Shel] Z. Shen, Lectures on Finsler Geometry. World Scientific. Singapore. 2001. 

[Spal] E. H. Spanier, Algebraic Topology. McGraw-Hill Book Comp. New York. 1966. 

[Vitl] C. Viterbo, A new obstruction to embedding Lagrangian tori. Invent. Math. 100 (1990) 
301-320. 

[Will] B. Wilking, Index parity of closed geodesies and rigidity of Hopf fibritions. Invent. Math. 
144 (2001) 281-295. 

[Zill] W. Ziller, Geometry of the Katok examples. Ergod. Th. & Dynam. Sys. 3 (1982) 135-157. 



18 



